We investigate the effect of asymmetry in bilayer graphene induced by a diatomic substrate (such as SiC) and its influence on the bilayer spectrum in zero and strong magnetic fields. We also determine selection rules for inter-Landau level transitions, taking into account all four π bands.
The discovery of self-standing graphene-planes of carbon atoms arranged in a honeycomb lattice [1] -stimulated intense studies of monolayer and bilayer graphene structures (see [2] [3] [4] [5] for reviews). In particular, interest in the development of epitaxial growth techniques for graphene attracted attention to the possibility of synthesizing graphite films by sublimation of Si from SiC [6] [7] [8] , where the substrate induces symmetry breaking in the overlying graphene sheet, which is especially pronounced in monolayer and bilayer materials.
Also, interest in optical properties of graphene resulted in several experimental magneto-optics studies of graphene in FIR, IR and the visible range [9] [10] [11] [12] [13] [14] .
In this paper, we investigate the combined effect of intralayer and interlayer asymmetries caused by a substrate on the electronic spectra of bilayer graphene, both with and without applied magnetic field. We show that intralayer asymmetry leads to the opening of an indirect gap with a 'Mexican hat'-type feature in one of the bands (whether conduction or valence depends on the sign of the asymmetry) and to an asymmetric density of states (DOS). This is different to the DOS in 'biased' bilayer graphene [15] [16] [17] [18] [19] , where the gap is the result of broken symmetry between the layers (realized experimentally in [16, 20, 21] ). In external magnetic field, both asymmetries lift the valley degeneracy and split the low-energy n = 0 and 1 Landau levels (LLs). Finally, we determine the optical strengths of inter-LL transitions.
A schematic view of bilayer graphene (marked with the hopping integrals considered throughout this paper) and the Brillouin zone of bilayer graphene are shown in figure 1(a) . Bilayer graphene consists of two coupled hexagonal lattices with inequivalent sites A1, B1 and A2, B2 in the first and second graphene sheets, respectively, which are arranged according to Bernal (A2-B1) stacking [22] . The hexagonal Brillouin zone has two inequivalent degeneracy points with wavevectors
, 0) (where ξ ∈ {+, −} and a is the lattice constant). We restrict ourselves to nearest neighbour inplane and A1(2) ↔ B2(1) interactions in the tight-binding approximation of π orbitals ψ μi (μ ∈ {A, B}, i ∈ {1, 2}) and parametrize hopping integrals and on-site asymmetries according to the Slonczewski-Weiss-McClure model [23, 24] . After expansion of the momentum p around the K points: p =hK ξ + q, we write the Hamiltonian in the basis
where
γ 3 and π = q x + iq y . The parameter U describes an energy difference between sites on different layers (interlayer asymmetry), whereas is the asymmetry between sites A1 and B1 in the bottom layer due to the underlying substrate (intralayer asymmetry). Having neglected a small v 3 -term, we arrive at the electron spectrum for a symmetric bilayer (U = 0, = 0) shown with grey lines in figure 1(b) and given by:
where α and β are + or − and q = q 2 x + q 2 y is the magnitude of momentum measured from the K point. On the other hand, black lines in figure 1(b) present the typical structure of the π bands close to the K point for each kind of on-site asymmetry separately. Interlayer asymmetry (U = 0, = 0), left side of figure 1(b), leads to the opening of a gap such that the conduction and valence bands are symmetric with respect to the middle of the gap. Low-energy bands ( +− and −+ ) are pushed upwards at the K point leading to a 'Mexican hat' structure with increasing U [15, 18, 19] . In this case, the direct band gap is
. High-energy bands, ++ and −− , are shifted away from the neutrality point (that is, the point where the low-energy bands touch at the K point for U, = 0) without a significant change in shape. In the case of intralayer asymmetry (U = 0, = 0), right side of figure 1(b), a gap opens such that the conduction and valence bands are asymmetric with respect to the middle of the gap at the K point at energy = | | 4
. The asymmetry depends on the sign of and here we shall discuss the case when > 0 (switching the sign of leads to a mirror reflection of the band structure with respect to the middle of the gap). The low-energy bands split: the −+ band shifts downwards with little change in shape while the band +− is strongly pushed upwards at the K point giving rise to a 'Mexican hat' structure at the bottom of the conduction band. At the same time, both high-energy bands remain parabolic and are shifted downwards with increasing . This results in an indirect gap in the electronic spectrum G = | | 4
) and the possibility, for very strong asymmetry = γ 1 √ 2, of bands ++ and +− touching at the K point. Increasing further leads to a shift of the high-energy parabolic band upwards and the low-energy one downwards.
. This value is smaller than the maximum interlayer asymmetry gap G M U = |γ 1 |. Also, for strong asymmetry the 'Mexican hat' feature is destroyed and, for > M , the gap actually decreases with lim →∞ G = 0. For a given small value of asymmetry, opens a gap approximately half as big as that due to U . All comparisons between the effects of and U in this paper are made for the same value of the gap at the K point, thus using the same numerical values for /2 and U .
We point out that two characteristic features allow for distinguishing between inter and intralayer asymmetry induced by the substrate in the system. In particular, in the case of intralayer asymmetry, the 'Mexican hat' is present only in one low-energy band (whether valence or conduction depends on the sign of [25] ). Although its size in momentum space is small, it causes significant changes in the DOS at the top of the valence and bottom of the conduction bands as shown in figure 1(c) . In all cases, spikes indicate where the Mexican hat is present, and the step behind each spike corresponds to the top of the hat and the cross over to almost parabolic bands. Also, if the sublattice symmetry is broken, the position of the highenergy bands with respect to the low-energy ones is strongly asymmetric.
In the presence of magnetic field B perpendicular to the graphene sheet, the Landau level (LL) spectrum forms. This spectrum can be obtained for the Hamiltonian in equation (1) by using the Landau gauge A = (0, −Bx) and the fact that 
where the magnetic length λ B = √h /eB. If we neglect v 3 , Hamiltonian (1) can be then diagonalized separately for each n [26] [27] [28] . In the following, we use superscript c (s) to denote Landau levels originating from low-energy (highenergy) bands and β equal to 1 or −1 to indicate the sign of the energy. Then, in the case of symmetric bilayers (U, = 0), the energy c nβ of the nth Landau level is given by:
for n 2;
(4b) and in high-energy bands:
for n 1.
In this formulation, for high-energy LLs indexing starts with n = 1, not 0, emphasizing the distinctiveness of LL n = 0. Each level has additional four-fold degeneracy due to valleys and spins. The low-energy Landau level spectrum resulting from equations (4) is shown as grey solid lines in the background in figures 2(c) and (d). Those levels create a fanplot originating at zero energy. Interestingly, the levels n = 0 and 1 have the same energy, leading to an unusual eight-fold degenerate level at zero energy [22, 30] . The high-energy LLs create two additional fan-plots originating at = ±γ 1 which are shown together with low-energy LLs with grey solid lines in figures 2(a) and (b).
For magnetic fields B < 20 T, expressions for the LL energy in a symmetric bilayer, equations (4) and (5), can be simplified using a small parameter x = √ 2hv λ B γ 1 ; |x| 1. Additionally, assuming that U and are small, we obtain energies:
The numerically calculated Landau level spectra in the presence of asymmetry U and /2 are shown in figures 2(a)-(d) with black solid lines. Due to the asymmetry, valley degeneracy is lifted. Also, the additional degeneracy of n = 0 and 1 LLs is removed, 1 = 0 (note that even the n = 0 level is shifted with respect to the middle of the gap at the K point from = 0 in opposite directions in the valley K + (ξ = +) and K − (ξ = −)). As can be seen in figure 2(a) , interlayer asymmetry U affects the high-energy LLs very weakly and so corresponding black lines cover grey lines showing highenergy LLs in the symmetric bilayer. At low energies and low fields, signatures of a Mexican hat developing in the electronic spectrum of an asymmetric bilayer can be noticed in the fanplots of the LL spectrum. Inverted curvature in the central part of such a structure (hole-like in conduction and electronlike in valence band) results in inverted behaviour of Landau levels at very low B (the energy of electron (hole) levels decrease (increase) with increasing B) which then returns to typical behaviour at higher B (the energy of electron (hole) levels increase (decrease) with increasing B). This results in interlevel crossings. Also, this is a regime where the influence of the parameter v 3 , neglected so far, is important, because it mixes LLs n and n − 3 thus changing some of the interlevel crossings into anticrossings. An example of the numerically calculated spectrum taking into account v 3 is shown in figure 2(e) .
The wavefunctions corresponding to LLs described in equations (6) are as follows:
where: hω ≈ |γ 1 | has been shown with the same broadening of all Landau levels assumed. Indeed, the two highest peaks are due to the first s ↔ c transitions against the background of c → c excitations.
In summary, we have shown how a substrate-induced asymmetry affects the band structure of bilayer graphene grown on SiC. Sublattice-symmetry breaking in the bottom layer results in the opening of an indirect gap with a 'Mexican hat'-type feature in either the conduction or the valence band depending on the sign of the 'symmetry breaking parameter', , whereas interlayer asymmetry leads to the appearance of similar features in both low-energy bands. We have also investigated the influence of the asymmetry gap on the Landau level spectrum. Either of the asymmetries lifts both the valley degeneracy of Landau levels and, particularly, the additional two-fold degeneracy of the lowest LL. In addition, we found the optical strengths and determined the selection rules for inter-LL transitions.
